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Abstract

We consider the general dimensional (complex) Minkowski spaces and the extended twistor
spaces. We show that the fundamental solutions of the complex wave or Laplace equations are
explicitly represented by the integrals of some closed forms on the twistor spaces. The closed form
is defined from labeled trees explained in graphs theory, and is written, as the cohomology class,
by the linear combination of the logrithmic forms on some hyperplane configuration complement
in some complex affine space. © 1999 Elsevier Science B.V. All rights reserved.
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0. Introduction

Twistor theory constructed by Penrose is to discuss the relation between field equations on
the four-dimensional (complex) space-time and geometric objects on the three-dimensional
complex manifold called the twistor space. For example, solutions of equations of linear
fields, such as the massless Klein—Gordon field with spin 0, the massless Dirac field with spin
%, are represented by integral representations or cohomologies of functions on the twistor
space. Solutions of self-dual Yang-Mills equations (i.e., instantons), which are equations
of nonlinear gauge fields, are represented by holomorphic vector bundles on the twistor
space.

* Corresponding author.

0393-0440/99/$ — see front matter © 1999 Elsevier Science B.V. All rights reserved.
PII: S0393-0440(99)00022-4



190 K. Aomoro, Y. Machida/Journal of Geometry and Physics 32 (1999) 189-210

There are various generalizations of the twistor theory. In this paper, we consider the gen-
eral dimensional (complex) Minlowski spaces and the extended twistor spaces. We represent
massless fields, i.e., solutions of the conformally invariant Klein—-Gordon equations (i.e., the
wave equations) and Dirac equations (i.e., the Weyl equations) by integral representations
of functions on the twistor spaces. Especially, we show that the (complex) fundamental
solutions, i.e., the propagator functions are explicitly represented by the integrals of some
closed forms on the twistor spaces (Theorem 1 in Section 3 and Theorem 2 in Section 4).

In the four-dimensional twistor theory by Penrose, there are the following double fibra-
tions. Let T be the four-dimensional complex vector space, and let P(= P3 (©)) (of dimen-
sion 3) be the set of all one-dimensional complex vector subspaces in T, M (£ G;4(C))
(of dimension 4) the set of all two-dimensional complex vector subspaces in T and F (of di-
mension 5) the set of all flags consisting of one-dimensional and two-dimensional complex
subspaces in T. Then we have the following double fibrations:

F

Ky NV
P M

where (4, v are the natural projections and each fiber of P, M is P2(C), PY(C). This diagram

is invariant under SL(4, C). On M, the natural (complex) conformal structure is defined in

consideration of SL(4, C)/Z, = SO(6, C). The space P is called the twistor space of M.
We consider the following (affine) local coordinate system in the big affine cell M! < M:

2= e C?xCtxM,
and the projective coordinate system in the big cell P/ C P:
12 1
[, u®, vi, v2l(v1, v, #0) € P'.
Then the corresponding local coordinate system in the big cell F/ c F is represented by
(z'/, [vk]). The link between M and P is given by the following twistor equations:

2
w =Y by (j=1,2).
k=1

The (flat) complex metric associated with the diagram is represented as
ds* = dz''dz? ~ dz'?d7?.
The complex wave or Laplace equation compatible with this metric is

3% 3%

B0 = 5o hritagl

In physics, the equation above represents the motion of equation of a free scalar field ¢ with
spin O and mass 0, i.e., the massless Klein—Gordon equation.
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The (complex) fundamental solution ¥ to this equation is

1
V(@)= —S—5>5 -
211722 _ ;12,21

We take on P a rational function
O ) = —
U=

Then the fundamental solution ¥ has a twistor integral representation by f:

1 ,
V(z) = EI / f (ltg 2izjkuk, v,‘il) (vi dva — v duy),

yov~H@)

where y is a 1-cycle around the point —z'2/z!! in the fiber v='(z) = P'(C) over z € M'.
The conclusion follows from the residue theorem. In detail, see [14,13]. The purpose of
our paper is to extend this fact to general dimensional twistor theory. When we restrict
the argument above to §* C M, Atiyah ([1,10,14]) associated the Green function for the
Laplacian at x € $* with the Serre class of uv~'(x) C P.

This paper is organized as follows.

In Section 1, we describe the twistor integral representations of the solutions of the
complex wave or Laplace equation on M.

Both Sections 3 and 4 are the main parts of this paper.

In Section 3, we study the twistor integral representation of the fundamental solution of
this equation in the even dimensional cases. We consider labeleled trees explained in graph
theory and define the different form on P/ associated with each labeled tree. Next we define
the differential form & by summing up all the differential forms associated with each labeled
tree. Then we show that w is closed. Integrating « on an appropriate cycle in the fiber over
each point of M/, we obtain the twistor integral representation of the fundamental solution
of this equation.

In Section 4, we treat the odd dimentional cases. We obtain the twistor integral represen-
tation of the fundamental solution of this equation by a reduction from the even dimensional
cases.

1. Twistor space of n-dimensional space-time

1. Let M! be the n-dimensional flat space—time, i.e., the n-dimensional Minkowski space
RY. Let M/ be the n-dimensional flat complex space—time which complexifies both M/
and the metric, i.e., the n-dimensional complex Minkowski space C".

We suppose until Section 4 that the dimensions of M’ and M/ are even dimensional, say
n=2m.

We take the coordinate system (z;, Zm+i) = (21, .. Zm> Zm+1s -+ -, 22m) ON M/ such
that the complex metric ds? is represented in the form
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m
ds? =2 (Z dz; dZm+i) .
i=l

In this paper we discuss our problems in terms of the local or affine chart. This is sufficient
to solve physical problems. We do not treat either global or cohomological problems as is
discussed in [3].

2. Let P/ be the set of all maximal isotropic subspaces in M/ which do not necessarily
include the origin, i.e., the set of all totally null affine m-places in M. Here by a totally
null plane we mean a plane with the property that any two vectors tangent to the plane are
orthogonal.

We call P! the twistor space of M. See [2,12].

The following proposition is easy to see (cf. [5]).

Proposition 1. A generic element belonging to P’ i.e., a generic totally null affine m-plane
in M! is represented by the following twistor equations:

m
u; =g +Zvijzm+j i=1,...,m),
Jj=1

where u;, v;jeC, vi; = —Vj;.
The twistor equations play an important role in linking M/ to P/, The equations are

characterized by the following holonomic system of linear partial differential equations of
first order:

0P; 0P; 09
— =0 #1), — =
0z; 20 3% az;
— 4+ L =06 <)), —=0@,j=1,...,m),

0Zm+j  OZm+i Zm+i
j

m
=& =u— |2+ Y vijzme; | G 1. m),
j:l

We remark that we can take (u;, v;;) as generic parameters of P!. Therefore, the dimen-
sion of P! is m(m + 1)/2.
Let F/ be the incidence relation between M/ and P!, i.e.,

F = {(z,w) e M! xPllz € ul.

The dimension of F/ is m(m + 3)/2.

3. Let M be the conformal compactification of M/ . We have the corresponding conformal
compactifications P and F such that P/ ¢ P and F/ C F, respectively.

A point in P is defined as a totally null m-plane (= P™(C)) which is called a-plane in
M according to Penrose’s terminology. On the other hand, a point in M is regarded as the
set (2 P, dim P’ = m(m — 1)/2) of all totally null m-planes called -planes through the
point.
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These manifolds are represented as homogeneous spaces in the following way.
The conformal compactification of M/ = RY is the quotient space of SOq(n, 2) by the
minimal parabolic subgroup

M= 8" x 2,8 = SO00(n,2)/S0(n — 1, 1) - R4 - R,

where SOy (n, 2) is the identity connected component of O(n,2).
The conformal compactification of the complexified M/ = C" is

MZQ,(0)=50n+2)/S02)xS0n)=50n+2,C)/U,
where Q,(C) is a complex quadric and SO (n + 2, C)/U is a flag manifold. Remark that
M* = S00(n,2)/50(2) x SO(n) (c M)
is a symmetric bounded of type IV. For P/,
Py =P=S002m+2)/Um+1)=8S0n+2,C)/Q.
Remark that
PE=S0*Qm +2)/U(m+1) (C P

is a symmetric bounded domain of type IL
Moreover, we have

P' =Py = S02m)/U(m).

The set P of all totally null m-planes through the origin has two connected components
P and P_). Here P4, is the set P’ = Py, of all @-planes and P_, is the set of all
B-planes. The space P is characterized by each of the following which is equivalent to each
other.

(1) The space of all m-dimensional totally null subspaces (through the origin) in C".

(2) The space of all projective pure spinors on C2™,

(3) The space of all orthogonal complex structures (with respect to a positive definite
inner product) on R?",

See [7,9] in detail.

4. What have been mentioned above can be summarized in the following diagram:

) . 1 :
C" 3 (Tm4i) — Wi, Vijs Zmti) = (2> Zmsis Vij €F — (v;) e P

wy v
P/ > wj,vj) (i zmei) eM!
te kN

P/ (vj)  (zmii) €C™

Here the mapping ¢ means the n(= 2m)-dimensional family of sections with parameters
(zi, Zm+i)- The mapping k means the (m(m + 1)/2)-dimensional family of sections with
parameters (i;, v;;).
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2. Twistor integral representations of solutions of massless field equations

1. In the n-dimensional space—time M/, the equation of motion of a free scalar field ¢
with spin 0 and mass 0, i.e., massless Klein—Gordon equation is

This is a complex wave or Laplace equation. On the other hand, a free spinor field ¢ with
spin % and mass 0 is represented by a massless Dirac equation (Weyl equation) Dy = 0,
see [3]. However, we do not discuss the latter.

As is well known, a field ¢ has a plane wave decomposition, in other words, a Fourier
integral representation. This integral is integrated over the momentum space of the space~
time. But each plane wave, which is represented as an exponential function, does not tend
to O at the infinity.

We want to construct a field ¢ in the n-dimensional space—time M/ as an integral over
the twistor space P/, i.e., as a twistor integral representation. Namely, we want to extend
Penrose’s twistor integral representation on the four-dimensional space—time to general
dimensions.

2. We have the following proposition.

Proposition 2, We define the function ¢ (z) by putting

m
k
6(z) = / flz+ Z VijZm+js Vij | A dugj,
AkCP, j=1
where z = (Zi, Zmyi), Ui + Z;":l VijZmtjs A¥ is a k-chain in P, = vl(z), Ak dv;j is
an exterior product k-form by any of dv;; and f = f(u;, vij) denotes a suitable analytic
function on P! such that f(z; + Z;-"___l VijZm+j» Vij) is holomorphic in A,
Then ¢ satisfies

m

3¢
O¢ = —_— =0
¢ ; 3Zi 0Zm+i

Remark that a k-form f A* dv; ;j onP) can be regarded as an element of ®} K ® AET*(P),
where @, is a cross-section (a graph) of the bundle P! — P’ defined by u; = z; +
371 VijZm+;j» and K is the field of meromorphic functions.

An elementary state is defined as f = u'}‘ 14'2\2 e uf,{" (A; € C). For an analytic function
g = g(v;;) on P, an integral transformation

k
Ay, A A k
g+ ¢y =fg(vij)u]‘u22---umm A du;

A
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is defined, if the integral exists. Since ¢, satisfies O¢, = Y (32¢g /82i0Zm+i) = 0,1tis
a Poisson transformation too.

3. Differential forms associated with labeled trees and propagator functions

1. In this section we shall consider the twistor integral representation of the causal Green
function (Feynman’s propagator) of a massless Klein—Gordon equation in the n-dimensional
space-time M/ . This propagator function is the complex fundamental solution of a complex
wave or Laplace equation. We show that this is given by the integration of (m — 1)-forms
associated with labeled trees. The real propagator function is obtained by the limit to M/
from imagimary regions of the difference between the retarded and the advanced Green
functions. In this sense, it is a Sato’s hyperfunction.

Let T be a graph with m vertices which has neither cycles nor loops, i.e., a tree with the
following properties:

(1) V(T) the set of vertices of T are labeled by the m numbers {1, 2, ..., m}.

(2) T is directed starting from the root 1. Each edge (joined by i, j € V(T)) is oriented as
j — i.In this case, we call j the predecessor of i.

(3) The edges are ordered as

(P < (P3)3) < -+ < (pm)m), ()) =—(i),

where p(i) is the predecessor of i.
According to Cayley’s theorem in graph theory, the number of labeled trees with m
vertices up to isomorphism is m” 2. See [6].
We let an edge (ij) and a vertex k correspond to dv;; and ug, respectively.
We define the (m — 1)-form wy associated with T as follows:

3 (dy = DUdy = 2!+ dm — 1) dopp A dupE3 A+ A QVpimym
T = .
(31 +d2 + - +dn) = 1) U gy

s

where d; is the degree of i, i.e., the number of edges incident with i. Furthermore, we define
an (m — 1)-form w as follows:

o= Yo

TeTy

where 7, is the set of all labeled trees with m vertices up to isomorphism.
We give a few examples of w7, w in low dimensions.
In the case where n = 4, i.e., m = 2, the numberof T3 is 22 —2 =1,

dviz forT . / 2
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In the case where n = 6, i.e., m = 3, the number of T3 is 332 =13

2

dvip A dugs
o = for T, :
u1u2u3 /
dvia A duas
wp, = ——5—— forTy:
u1u2u3 /
dvix A dugs 2
wp; = ————— for T3 :
U uzu3 /

3

In the case where n = 8, i.e., m = 4, the number of 74 is 44=2 — 16, for instance,

1 dvig A dvas A duyg

wT]=§- 35 for T :

@-—§—o—)—0-—7-0
u1u2u3u4 / Z ‘3 4‘

3
/ 2 4

1 dvia A dvpz A dvpg
o1, ==+ 3 for T, :
2 WU U3UY

In the case where n = 10, i.e., m = 5, the number of 75 is §5-2 — 125, for instance,

1 dvia A duas A duszg A duss
or = r i for T : @—>——>——>—8-o
1UU3 U US / 2 3 4 ‘5‘

4.
/2 375

1 dviz A dvas A dvag A duss
or, = = -
>3 ulu%u§u4u5

for T :
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3

dviz A dvps A dugg A duos
or, = 7 for 73 : _ 4-
UiUyU3U4US / 2

S

2. We show that the (m — 1)-form w is a closed form on the fiber P, = v=1l(z) over
z € M! with respect to the bundle F/ «— M!, or on the image @, (P’) of a cross-section
&, with respect to the bundle P/ — P’.

Proposition 3. We have
do =0 onP; (or ¢, (P)).

Proof. We remark that, to the (m — 1)-form associated with a labeled tree (here, we assume
that the (m — 1)-form does not include the part of dv;;), the left operation of the exterior
product by a 1-form dv;; corresponds to make a cycle by adding the edge from a vertex i
to a vertex j for the labeled tree.

From now on, we simply write the 1-form dv;; by (ij).

(1) We consider the following two labeled trees T, T’ (Figs. 1 and 2).

Here k # 1, and p(k) = i for T, p(k) = j for T'. Moreover, as a graph with labeled
vertices, the graph made by adding the edge from a vertex j to a vertex k for T and the
graph made by adding the edge from a vertex i to a vertex k for T are the same.

The (m — 1)-forms wr, /. associated with T, T’ are as follows:

e @ =Dl i = Dl [l = D!
T AW+ Adit ot d At de) = D)

(POD A AGK) A= A (plm)m))

d d; dj dm
ul ...ui "1 < Uy

1

Pl

Fig. 1.
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Fig. 2.

(di— D! (di =2 (dm ~ D!
G+ -+ @ =D+ + D+ +dm) = D!

y (pQ2Yy A~ AJE) A A (p(m)m)

d;—1 dj+1 d,
u‘]il...ul,' ...uj] ...um"‘

/
wr =

Taking the exterior derivations of wr, wr/, we have

di—D!--o(di = Do (dj — D(dyp — 1! _ 4 —d
dwr=( 1—1) 1( i—1) dj — D(dm — 1) d(“ld""“i d’---ujd’--~u,;d"')
(3 + -+ dn) — D!
A« A (p(m)m)
di — D.(di — D.(d; — )d, —1)! _ —d: j —d;
=(1 )]( odd; — 1)(dn )uld‘---uid’---\j/--'u;d"'d(ujd’)
1+ +dn) —1)!
A= A(pm)m) +{---} ({---} is the term including differentials
except that of u; )
d—-Dl--di—D-dj — Dldn — 1)!
G+ +dw) — 1)
Z+m (G A (P2Y A= A GRY A -+ A (p(m)m)
X y o +{}’
i d; J+1 di,
ul .-.ui -..uj .-.um
(di=Dledi =2t djt - (dm — D!
da)T/=

(3(d + -+ dp) — 1!
X d@up ...uj_—d’—l Uy A A (p(m)m)
@ =D =D dil e (d = D!
- G+ +dn) = 1!
~dj-1

J
+{--} (-} istheterm including differentials except that of ui_df +')

(=D =D djedn = D)
(31 +- +dn) — D!

_.dl

P VIR cupdnd @AY A A (pm)m)
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Fig. 4.

ZtmGR) A (PR2Y A - A(GRYA -+ A (p(m)m)
x di udi ‘f'J“H . dm +

ul - i ...uj ..um

-}

Here, each third equality holds from the twistor equations. The coefficient of the first
term of dwr is equal to that of the first term of dwy, and taking into consideration the
equality

GRYAN (P A AR A -+ A(p(m)m)
== A (PR A-- AR A A (p(m)m),
it follows that the first term of dw7 added to that of dwr makes zero.

(2) We consider the following two labeled trees T, T’ (Figs. 3 and 4). Here i < j,
and p(i) = 1 for T, p(j) = 1 for T'. Moreover, as a graph with labeled vertices (and
nondirected edges), the graph made by adding the edge from a vertex j to a vertex 1 for T
and the graph made by adding the edge from i to a vertex 1 for 7’ are the same, and the

path with the lengthr,1 > i >a— --- > b —> j — l,isacycle.
The m — 1-forms wr, w7 associated with T, T’ are as follows:

wr =A(PRQDA- A A---Aa)A--- A(p(b)b)
A ABJ) A - A (plm)ym),

o =A' (PR A---A@i)A---A(p@a) -+ A(jb)
A ANQAJY A A (p(m)m),
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where, A and A’ are the coefficients of wy and w7, respectively, and p(j) = bfor T, p(i) =
a for T’. Taking the exterior derivatives of wr and w7, we have

dor = BUO AP A ALY A~ ABH A A(pm)m) +{-- -},
dor = BGDAPQOD A A@) A A1 A A (pm)m) + {--}.
Here the calculation is performed in the same way as (1). It follows that B = B’ holds. We
show that the first term of dw7 added to that of dwr makes zero.
If we change the root 1 to a new root i, then the direction of an only edge (1i) for 7 is

changed and the directions of the only edgesof apath P : 1 —» j > b — --- > a —> i
for T’ are changed. We rewrite wr and wy- as if the root is i. As (1i) = —(i1) for wr,

or =—APQDA---AFDA--A@) A A (pb)b)
A ABH A A(pmIm).
As (ai) = —(ia), ..., (p(a)a) = —(ap(a)), ..., (jb) = —(bj),..., (1)) = —(j]) for
T/,
wp = (=D)"TAPE@QD A AGa) A Aap@) A - A (b))
A AGD A A (pm)m).
We let a wedge (j1) head the wedges of P: (ia), ..., (ap(a)), ..., (bj),..., (j1). Thatis,
(), (a),..., (ap(a)), ..., (bj),.... This is made by r permutations. Rearranging wr-,
we have
wr =A (PR A AGDA---AGa) A A(ap(a))
A A(BJ)A - A(p(m)m).

The part (i 1) of wr and the part (j1) of wy- are the same places by counting from the parts
(p(2)2). The other parts of wr and wy are the same. Therefore, since

dor = =BG A (PQD A AGD A= A (pm)m) + (-},
dor=—BEDA (PR A--AGDHA---A(pm)m) +{--},

it follows that the first term of dwy added to that of dwr makes zero.

Let a labeled tree T be given. Then a graph with a cycle by adding an edge incident with
a vertex k to T cancels out the graph with a cycle by adding an edge incident with the same
vertex k to another lebeled tree T’ which is unique determined. Summing up the forms
corresponding to all labeled trees, we conclude that dw =0. O

From Proposition 3, the (m — 1)-form w determines a cohomology class [w] of degree
(m — 1) on a hyperplane configuration complement P, — | JI_; H;. Here H; is a hyperplane
in P/, defined by a linear equation u; = 0. Remark that P, = C™("~D/2_ Hence we have
the following.

Corollary 1. The class [@] belongs to H™ ' (P}, — ", H;, C).
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In 4 in this section, we will represent the class [w] as linear combination of logarithmic
: / n
forms in P, — (J/_, H;. 1
3. We show that the propagator function (Z,'-"Zl zizm+i)_m+ on M/ is given by the
integration of the (m — 1)-form w over an appropriate (m — 1)-cycle A in P,

Theorem 1. We have

m —m+1
/w = Qui)y™! (Z ZiZm+i) ,

A i=l
where A = 3 ¢iA;, Y (L ¢ = 1and A; is an (m — 1)-cycle transversal to () ; H;

. / j
inP,.

Proof. We have

for ] anEafe

i
A Zici A; A

‘We show that

m —m+1
/ w= Qriy""! (Z z,~z,,,+,-) :

A; i=l

for each i. Take A = A,,. It is an (m — 1)-cycle transversal to a subspace defined by
uj = --+ = U1 = 0and we take it so that it may avoid a hypersurface defined by u,, = 0.
Furthermore, we restrict the (m — 1)-cycle A,, to a homologous one on a subspace defined
by v;; = 0 (i, j # m). Then, by residue theorem (cf. [4]),

m—1
f w= (271'1)”’ ReSu1=..4=um_l=Ow|v,'j=0(l'»j#m)
Am

_ (2711')'"_1 Res dvme A dups A A dvpn—1 A dVig

UMD - Uyt

dvgm A dvoy Ao A dup—1m

UMD - U]

= (27i)™ ! Res

= Qmi)y™!
9 1
o am + @1 22m)zmst + (@2/22m)zms2++ -+ @m—1/22m)22m 1)
1
= Qmi)™!

(Z1Zm+1 + 222Zmt2 + - + Zmz2m)™ !

Here, the second equality holds from dv;; = 0 (i, j # m). It means that the integration
of the (m — 1)-form o associated to all m™~2 labeled trees is reduced to the integration of
wr associated to the following labeled tree T (Fig. 5).
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For the fourth equality, it follows from

(ui, Uy, ..., Um-1) | 2!
— 2
3(W1im, Vam, .-+ Um—1m) "
and
Zi
Vim = —VUni = ——
2m

Similarly we obtainitfor A = A; (i #m). O

4. Let X be a hyperplane configuration complement in C”, i.e.,

X=C"-|JH,
i
where H; is a hyperplane in C” defined by a linear equation f; = 0. Then, by Brieskorn

and others [11], the holomorphic de Rham cohomology H*(X, C) is isomorphic to Orlik-
Solomon algebra:

n

H*X,C)= Y > C(dlogfi, A---A dlog fi,).

p=0iy <-<ip

Here logarithmic forms {d log f;} are the generator of the algebra.
In our case, it follows that

m
H™! (P; - U H;, c) ="
i=1

and the basis is

il

{dlogu; A---Vv---Adloguyli=1,...,m}.

Proposition 4. As the cohomology class, the (m — 1)-form w is written by the following
linear combination of the above basis:
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m —m+1 m ,

W~ (Zzizm+1> Z(—l)j_ldlogul /\---\j/u-/\ dlogu,,
i=1 j=1

in H"~ (P, — UL, H;, ©).

Proof. Put

m .
o= Zaj(—l)j_ldlogul AoV n dlogu,y,.
j=1

Then we have

fw = aj(27ri)m_1

Aj
for j. Since
m —m+1
f(u = 2ri)y™! (Z ZiZm+i> ,
A; i=1
it follows that

m —m+1
aj = (Z Zizm+i> .
i=1

Therefore we have proved the claim. O

4. Odd dimensional cases

1. In this section we shall study twistor theory of the odd dimensional flat space—times.
By the reduction to dimension # + 1 (= 2m) (the method of Hadamard’s descent), we
consider the same argument as from Section 1 to Section 3.

We suppose that the dimension of M/ are odd dimensional, say n = 2m — 1.

We take the coordinate system (z;, Zm+i, 2) = (21, -+ Zm—~1> Zm+1s---»22m—1,2) ON
M/ such that the complex metric ds? is represented in the form

m—1
dst =2 (dz2 + Z dz; dZm+i> .

i=1

Let P/ be the set of all (degenerate) null m-planes in M/ including a (inaximal) totally null
(m — 1)-plane. In odd dimensional cases we call P! the twistor space of M/,

The twistor equations are obtained by the reduction to dimensionn+1 (= 2m).In (n+1)
(= 2m)-dimensional case, P/ is the set of all (maximal) totally null m-planes in M/ . The
twistor equations are
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m
wi=zi+ Y VijZmej, Vij=—vi, (=1,....m).
j=l
In n (= 2m — 1)-dimensional case, we divide the above equations into the following two
parts:

m—1
ui=z; + Z VijZmtj +VimZzam (G=1,...,m—1),
j=1
m—1
Um =Zm + Z Umjlm+j,
j=I1

and then, we define the following equations:

Wi =u; + Vipy, G=1,...,m—1)
m—1
=2 + Vim @ + 22m) + Y (Vij = VimVjm)Zm -
j=1
Putting

22 =ZIm +22m,

we get the following proposition.

Proposition 5. A generic element belonging to P! is represented by the following twistor

equations:
m—1
Wi =2 + 20imz + Y (Vi = VimVjm)Zmsj (=1,...,m—1),
j=1
where w;, vij € C, v;j = —vj;.

We remark that the twistor equations are linear with respectto z;, Z,,+i, Z, but on the other
hand they are quadratic with respect to v;; unlike even dimensional cases. Compared with
Penrose’s four-dimensional twistor theory, Hitchin’s three-dimensional minitwistor theory
is so. See [8].

‘What have been mentioned above can be summarized in the following diagram:

. . I
C" 5 Zm+i, 1) — Wi, Vij; Im+ir 2) = @i Zmtis T vij) €F «— (vij) € P/

uy N\ Vv
P > (), vij) (i, Zm+ir 2) €M/
1 2
P! 5 (v;)) (@m+i 2) €C™

We remark that P’ in n (= 2m — 1)-dimensional case is the same P’ as in (n + 1)
(= 2m)-dimensional case.
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2. In the n (= 2m — 1)-dimensional space-time M/, the equation of motion of a free
scalar field ¢ with spin 0 and mass 0, i.e., a massless Klein—-Gordon equation is

192 = 82
Op=|-—=+ _ = 0.
¢ 4 372 ; 02 0Zm+i ¢
The field ¢ has a twistor integral representation similar to even-dimensional cases. As in
Proposition 2 in Section 2, we have the following proposition.

Proposition 6. Ler f = f(w;, v;j) be a suitable analytic function on P!. Put

m—1
k
o(z) = / f zi+2vimZ+Z(vij—vimvjm)Zm+j,vij A" duyj,
AkCP! j=l

—1 . ,
where 2 = (2;, Zm+i, 2), Wi = Z;i + 2Vimz + Z;"zl (Vij = VimVjm)Zm+j, AF is a k-chain in
P, =v (), A duy; is a k-form.

Then ¢ satisfies

192 T 2
Op={-—+S — _]p=0.
¢ 4972 ; 0Z; 0Zm+i ¢

3. We shall consider the twistor integral representation of the propagator function of a
massless Klein-Gordon equation in the n (= 2m — 1)-dimensional space—time M! from
the same point of view as in even dimensional space—times.

We take a labeled tree 7 with m vertices and furthermore the set 7, of all m™~2 labeled
trees with m vertices mentioned in the (n + 1) (= 2m)-dimensional case in Section 3.

In the (n + 1) (= 2m)-dimensional case, we defined the (m — 1)-form w7y associated
with T as follows:

wor = (di =D dy = D! dvpgprA---A dv,,(m)m.
G+ +dw) - D! udt .y

In this n (= 2m — 1)-dimensional case, we define the (m — 1)-form 67 associated with T
as follows:
o — Z (dm—})l(d1+e1 -D! ol dp1 + -1 — D!
(—(d| it dy)— Dley! - epmq!

el+"'+em 1=8m—1

Vi U QI LA - A dUpen—ym—1

d _ _ y
wd. +er . wmm—ll +em—1

where we change a root of T to vertex m. Remark that the number of the term of )_ is
(m+dp, _3)!
lHd,,,—l dn_ N m=2)1"

Furthermore, we define an (m — 1)-form 6 as follows:

6 = Z@T.

TeTy
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We show that the (m — 1)-form @ is closed on the fiber P, = v~1(z) over z € M/ with
respect to the bundle F/ — M/, or on the image ®,(P’) of a cross-section ®, with respect
to the bundle P/ — P’

Proposition 7. We have
d@=0 onP, (or ®,(P)).
Proof.

Step 1. By Theorem 1 in (n + 1) (= 2m)-dimensional case in Section 3 (we use the same
notations),

m 32 m —m+1
D/w = (ZTl’i)m'—l Z m (ZZiZm+i> = (.
i=I =

A
Put
2z =z + 22m, 2W =z — Z2ms
then
2t Y
mTom =2 © 3zndzan  A\322 w2
hold. Put
i “ LIS G
02i0zmei 4 82,82m+, 4az 49w 4 Jw?’

i=1 i=1

where O’ is O of dimension n (= 2m — 1) in this section. Take a neighborhood U ¢ M/
of z locally. In consideration of a product set A x U for A C v~1(z), we have

o [o= [ oL [ Frams

Next, we integrate it over an appropriate cycle y on a w plane:

L /a dw = — /a/ d 11/ /_ dw = 0.
- = — w—_- —— =
2mi @) 2mi @ 42 e =
Y

Y A Y A

‘We show that the second term is equal to 0. Then, it follows that the first term is equal to 0.
By the way,
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where d,, , is the exterior derivative with respect to variables v;;, w, and d,w = 0 holds.
Therefore, for the cycle I' = I'(v, w) made by y and A,

32 92 ]
/ /a—l'u—zw dw=—-/dw/\aw2 =—/dv,w(55w>=0.

v 8 r r

Now, let us put

1
= — dw,
2mi @dw
Y

then it follows that
1

d,6 = ——f dywdw = 0.
2mi
%

For an appropriate cycle A” homologous to A,

D’f@:D’fEL_fwdwzz—lf fD’w dw = 0.
i i
A A’ ¥

4 A

This @ is nothing but what we desire. In Step 2, we explicitly calculate 6.
Step 2. We solve u,, = 0 and take the residue.

From
m—1 m—1
Um =2Zm + Z UmjZm+j = (2 + w) + Z UmjZm+j = 0,
Jj=1 j=1

it follows that
m—1
w=wy=—7— Z VmjZm+j-
Jj=1
Let y be a cycle round the point wp on a w plane. Recall that

di—Dtldm =D g 4,

—d,
T = wy o ceuy, U dup As A dUpimm -
(%(d1+---+dm)—-l)! ! ! PR plm)

Then

1

Or = —
= 2ni

wT dw
Y
1 .
= ——2miResy, (wr dw)
2ri

_ d— Dt (dn — D! 1
T d@i o de) = DA = D!
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d
: ~d, —dm-1
x lim { — wy, ... dv A A dv .

w—wy ( dw)m_l ( ! m-1 P2 A p(m)m)

From

m—1
u;=2z; + Zvijzm+j + Vimzom (G=1,....m—1)
i=1
m—1
=z Z VijZm+j + Vim(Z — w),
j=1

according to a long calculation by Leibniz’ rule, etc., and the consequence that, as w — wy,
m—1 m—1
m+j
ui >z + Z VijZm+j + Vim | 22 + Z V) /
j=1 j=1
m—1

= zi + 2Uimz + Z(Uij = VimVjm)Zm+j = W,
j=1

we obtain

o0r — dn —Didy +er = D! (dn—1 + em—1 — D!
r= Z 1 —Dleg! ... '
U1+ +dw)— Dley! - epy!

el tem_1=dm—1

€1 €m~—1
Vim " U am QU1 A - A QUpm—tym—1

di+e; dpm—1+em-1
w] « s wm—]

X 0

4. We show that the propagator function (z2 + Y7, zizm+1) "2 on M/ is given by
the integration of the (m — 1)-from 6 over an appropriate (m — 1)-cycle of Py,

Theorem 2. We have

m—1 —m+3/2
f@:c(z2+Zzlzm+,~) )

A i=

where A is an (m — 1)-cycle transversal to (; G; (G; : w; = 0) in P, and c is some
constant.

Proof. We restrict the (m — 1)-cycle A to a homologous one on a subspace defined by
vij =0 (l,] 75 1).FOI'

w; = Ui +Vimum =0 G=2,...,m—1),

from v;,, = 0, it follows that

22 im—1
vi2 = yoe s Vim—1 = s
Im+1 Zm+1
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and for w; = 0, that is to say,

m—1
w1 =21 +2umz+ Z(Ulj — VimVjm)Zm+j
j=1

m—1
2
=21 +2vimz + Z VijZm+j = VipZm+1
j=1
22 2
=21+ —Zmy2+ -+ —22,,, 1+ 2201 — Zm1vg, =0,
im+1 Im+1

we regard it as an algebraic equation of degree 2 with respect to vy,,. Let  and B be its
solutions: —z,,41(Vim — @)(vy,, — B) = 0. Since the discriminant D is

2 UIm+l + -+ Zm—122m—1
D=z"+ Zm+1

Zm+1
2
=2+ 21Zmt1 + -+ Zm-122m—1,

if follows that
Vim = &, ﬂ—-——(z+~/_)
Im+1

By residue theorem,

f@ = (27‘[i)m—1 Reswlz...zwm_lz()@]vij__-o G, j#1)
A

dvppA- A dvpm_1 A dvip,
m-1

= (27i)" ' Res

wl W2 Wy
m—1
_ 1 (—1) _ dvip
=Q@2ri)" ————Res,,, = «a 7
Wy

Zm+1
dvp,

(b
=2 m—1 /
ST G e e T, =

mt (=D 1 1

=2 m—1

(2ri) 2 (e 2 @ = py2m3

L m=Dm.--Qm—H(=1"?

(m —2)!
1 1 2m —4

= 2ri)" 1 -1 m—2( )

e 1211':-13 VD /zm41)2m= =Y m—2

1 2m — 4
m— 1 m—2~—2m+3
= (2mi) 372 -1 2 ( ” )

1
@2+ X zizpriym2
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where § is a cycle round the point v;,, = « on a vy, plane and

c= (2ﬂi)m—1(,l)m—22-2m+3 2m — 4 ‘
m—2

The third follows from

a(wZ’ ey wm__l)

a(vlz, ey vlm—l)

-2, m=2
= (1" 22,

and the sixth equality follows from the relation @ — 8 = 2/D/zpmy1. O
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